Introduction
Let S be a dynamical system defined in a closed manifold. Roughly speaking C r -structural stability (r ≥ 1) of a dynamical system means that there exists a C r -neighbourhood U of S such that any other system in U is topological conjugated to S. These conjugations are defined in sets where the dynamics is relevant, usually in its nonwandering set, Ω(S). We recall that Ω(S) is the set of points in the manifold such that, for every neighbourhood U, there exists an iterate n satisfying S n (U) ∩ U = ∅. The notion of structural stability was first introduced in the mid 1930' by Andronov and Pontrjagin ( [2] ) and this concept is intrinsically related to uniform hyperbolicity (see Section 2.5 for the definition of hyperbolicity).
We say that S satisfy the Axiom A if the closure of its closed orbits is equal to Ω(S) and, moreover, this set is hyperbolic. One of the most challenging problems in the modern theory of dynamical systems is to know if a C r -structural stable system satisfy the Axiom A property. A cornerstone to this program was the remarkable proof done by Mañé of the stability conjecture for the case of C 1 -dissipative diffeomorphisms ( [17] ).
Back to the early 1980', Mañé defined a set F 1 , of dissipative diffeomorphisms having a C 1 -neighbourhood U such that every diffeomorphism inside U has all periodic orbits of hyperbolic type. In [18] , Mañé proved that every surface dissipative diffeomorphism of F 1 satisfies the Axiom A. Hayashi ([13] ) extended this result for higher dimensions. The set F 1 is related to structural stability since the proof that C 1 -structural stable system satisfies the Axiom A property mainly uses the fact that the system is in F 1 . Recall that, by the spectral decomposition of an Axiom A system S, we have that Ω(S) = ∪ k i=1 Λ i where each Λ i is a basic piece. We define an order relation by Λ i ≺ Λ j if there exists x (outside Λ i ∪ Λ j ) such that α(x) ⊂ Λ i and ω(x) ⊂ Λ j . We say that S has a cycle if there exists a cycle with respect to ≺ (see [22] for details).
In fact, the mentioned results by Mañé and Hayashi guarantee that diffeomorphisms in F 1 satisfy the Axiom A and the no-cycle properties (see also a result by Aoki [4] ). We point out that classic results imply that being in F 1 is a necessary condition to satisfy the Axiom A and the no-cycle condition (see [17] and the references wherein).
For the continuous-time case the analogous to the set F 1 is traditionally denoted by G 1 and, a flow in it, is called a star flow. Obviously, in this setting, the hyperbolicity of the flow equilibria (singularities of the vector field) is also imposed.
It is well known that the dissipative star flow defined by the Lorenz differential equations (see e.g. [23] ) belongs to G 1 . However, the hyperbolic saddle-type singularity is accumulated by (hyperbolic) closed orbits and they are contained in the nonwandering set preventing the flow to be Axiom A. Due to the technical difficulties presented in the flow setting, the problem of knowing if every (nonsingular) dissipative star flow satisfies the Axiom A and the no-cycle condition remains unsolved for almost 20 years. This central result was proved by Gan and Wen ([12] ).
If we consider flows that are divergence-free and define G 1 div=0 , which means that the star property is satisfied when one restricts to the conservative setting (but possibly not in the broader space of dissipative flows), using a completely different approach, based in conservativetype seminal ideas of Mañé, two of the authors (see [8] ) proved recently that any divergence-free star vector field defined in a closed three-dimensional manifold does not have singularities and moreover it is Anosov (the manifold is uniformly hyperbolic).
In this paper we follow the strategy described in [8] , in order to study the setting of Hamiltonian flows defined on a four-dimensional compact symplectic manifold (M, ω). For that, we use specific tools and several recent results on conservative three-dimensional flows and on Hamiltonian flows. It is worth pointing out that part of the difficulty of our problem consists in transposing in a proper way concepts from the conservative flow setting to the Hamiltonian one.
To state our main result let us first recall that a critical point of H is a singularity of the associated vector field. Let G 2 (M) denote the set of Hamiltonian star systems, define in a similar way of the previous ones (we refer the reader to Definition 2.1), and denote by E ⋆ H,e the connected component of the energy level set H −1 ({e}) associated to the star property. We prove the following.
H,e has critical points then there existsẽ, arbitrarily close to e, such that
As a consequence of Theorem 1 we obtain the following result. Corollary 1.1. In dimension four, the boundary of the Anosov Hamiltonian level set has no isolated points.
We also prove that the Anosov Hamiltonian levels form an open set (Theorem 2) and are (strongly) structurally stable (Theorem 4). Notice that, due to the openness of the Anosov Hamiltonian levels, the reciprocal of Theorem 1 is trivial. Finally, we show that structurally stable Hamiltonian levels are Anosov (Theorem 3).
In Section 2 we present all needed ingredients in the Hamiltonian framework. Section 3 contains some useful perturbation lemmas and some auxiliary results that will be needed in Section 4, which contains the proof of the main theorem, obtained in two steps. Given a Hamiltonian star system defined on a regular energy surface we prove that the associated transversal linear Poincaré flow admits a dominated splitting over the considered energy surface. With this, afterwards we show how we can reach hyperbolicity.
In Section 5, following classic arguments of hyperbolic dynamics (see [10, 16] ), we present the proof of the openness and strong structural stability of Anosov Hamiltonian levels defined on a symplectic 2d-dimensional manifold M. This result is used by several authors and here we present a proof for future use. For this, the result on the continuity of hyperbolic sets will be very useful. We also prove that, in dimension four, structurally stable Hamiltonian levels are Anosov.
2. Preliminaries 2.1. Notation and basic definitions. Let (M, ω) be a compact symplectic manifold, where M is a four-dimensional, smooth and compact manifold endowed with a symplectic structure ω, i.e. a skew-symmetric and nondegenerate 2-form on the tangent bundle T M.
A
The set of all symplectomorphism forms a group under composition, called the symplectic group, denoted by Sp(M, ω). The condition that f ∈ Sp(M, ω) can be expressed in matrix notation. Since ω is a symplectic form, there is an ordered basis of M such that the matrix of ω is
where I 2 denotes the identity matrix with dimension 2, once M has dimension 4. Note that J −1 = J T = −J and J 2 = −I 2 . Take f ∈ Dif f (M, ω) such that, relatively with the mentioned ordered basis, D p f has matrix
where A 1 , A 2 , A 3 , A 4 are 2 × 2 matrices. We have that f ∈ Sp(M, ω) if and only if A T J A = J or, equivalently, A 
where p ∈ M. In the matricial framework, this is equivalent to
The nondegeneracy of the form ω guarantees that X H is well defined, while the skew-symmetry of ω leads to conservative properties for the Hamiltonian vector field. Notice that H is C s if and only if X H is C s−1 (see section 2.2). Here we consider the space of the Hamiltonian vector fields endowed with the C 1 topology, and for that we consider C s (M, R) equipped with the C 2 topology. This space can also be endowed with the C r -topology, 1 ≤ r < s, and we denote by H − G r the C r -distance between H and G.
The Hamiltonian vector field X H generates the Hamiltonian flow X t H , a smooth 1-parameter group of symplectomorphisms on M satisfying
Once ω is non-degenerate, given p ∈ M, d p H = 0 is equivalent to X H (p) = 0, and in this case we say that p is a critical point of H or a singularity of X H . A point is said to be regular if it is not a critical point. We denote by R the set of regular points of H, by Crit (H) the set of critical points of H and by Sing (X H ) the set of singularities of X H . Taking in account the relation between H and X H , observe that Sing(X H ) = Crit(H).
A closed orbit of H with period π is a closed orbit of X t H with period π. Given a regular point x of a Hamiltonian H, we define the arc X
(Σ), where τ 1 , τ 2 are chosen small such that F (x) is a neighbourhood of x foliated by regular orbits.
Let H be a Hamiltonian. Any scalar e ∈ H(M) ⊂ R is called an energy of H and H −1 ({e}) = {p ∈ M : H(p) = e} is the corresponding energy level set. It is X t H -invariant. An energy surface E H,e is a connected component of H −1 ({e}); we say that it is regular if it does not contain critical points and in this case E H,e is a regular compact 3-manifold. Moreover, H is constant on each connected component E H,e of the boundary ∂M.
Due to the compactness of M, given a Hamiltonian function H and e ∈ H(M) the energy level H −1 ({e}) is the union of a finite number of disjoint compact connected components, separated by a positive distance. Given e ∈ H(M), the pair (H, e) ⊂ C 2 (M, R) × R is called a Hamiltonian level ; if we fix E H,e and a small neighbourhood W of E H,e there exist a small neighbourhood U of H and δ > 0 such that for all H ∈ U andẽ ∈]e − δ, e + δ[ one has thatH −1 ({ẽ}) ∩ W = EH ,ẽ . We call EH ,ẽ the analytic continuation of E H,e .
On M we also fix a Riemannian structure which induces a norm . on the fibers T p M, ∀ p ∈ M. We will use the standard norm of a bounded linear map L given by
A metric on M can be derived in the usual way through the Darboux's charts and it will be denoted by dist. Hence, we define the open balls B r (p) of the points x ∈ M verifying dist(x, p) < r.
We end this section introducing a crucial definition. We introduce the notion of Hamiltonian star system which is similar to the one of star conservative flow. Definition 2.1. A Hamiltonian level (H, e) is a Hamiltonian star system if there exist a C 2 -neighbourhood U of H and δ > 0 such that if H ∈ U andẽ ∈ (e − δ, e + δ), then all the closed orbits and all the critical points ofH on E ⋆ H,ẽ are hyperbolic, where
×R the set of all Hamiltonian star systems.
2.2.
Measure and topological dimension. The symplectic manifold (M, ω) is also a volume manifold by Liouville's Theorem (see for example [1] ). So, the volume form ω 2 = ω ∧ ω induces a measure µ on M that is the Lebesgue measure associated to ω 2 . Notice that the measure µ on M is preserved by the Hamiltonian flow. So, given any energy e of a Hamiltonian H, on each regular energy surface E H,e ⊂ H −1 ({e}) ⊂ M we induce a volume form ω E H,e :
We have that ω E H,e is X t H -invariant. So, it induces an invariant volume measure µ E H,e on E H,e that is finite, since energy surfaces are compact. Notice that, under these conditions, we can apply the Poincaré Recurrence Theorem. Therefore, we have that µ E H,e -a.e. x ∈ E H,e is recurrent.
Definition 2.2. We say that the measure µ E H,e is ergodic if, for any X t H -invariant subset of E H,e , say Λ, we have that µ E H,e (Λ) = 0 or µ E H,e (Λ) = 1.
There are different definitions of the topological dimension of a topological space X, say dim(X), which are equivalent just for separable metrizable spaces. In the formulation of Menger, the dimension of a space is the least integer n for which every point has arbitrarily small neighbourhoods whose boundaries have dimension less than n. There is a result, due to Szpilrajn ( [15] ), relating the topological dimension with the Lebesgue measure. Definition 2.3. Let n ≥ 0. We say that X has dimension ≤ n, dim(X) ≤ n, if there exists a basis of X made up of open sets whose boundaries have dimension ≤ n−1. Also, we say that X has dimension n if dim(X) ≤ n is true and dim(X) ≤ n − 1 is false.
This property is topologically invariant. Even more, if X is compact we have that dim(X) ≤ n if and only if any two distinct points (or disjoint closed sets) can be separated by a closed set of dimension ≤ n − 1.
The following result relates a metrical concept with a topological one.
n be a topological space. If X has zero Lebesgue measure then dim(X) < n.
Lyapunov exponents. Take
H is measure preserving, we have a version of Oseledets' Theorem ( [19] ) for four dimensional Hamiltonians. For µ-a.e. point x ∈ M we have two possible splittings:
(1) T x M = E x , with E x four-dimensional and
, with each one of these subspaces being one-dimensional and DX t H -invariant, and
The splitting of the tangent bundle is called Oseledets' splitting and the real numbers λ ± (H, x) are called the Lyapunov exponents. The full µ-measure set of the Oseledets points is denoted by O(H).
2.4.
Transversal linear Poincaré flow of a Hamiltonian. Let H ∈ C 2 (M, R), e ∈ H(M), x ∈ R and take the orthogonal splitting
⊥ is the normal fiber at x and RX H (x) denotes the vector field direction. Consider the skew-product automorphism of vector bundles
Since, in general, the subbundle N R is not DX t H -invariant, we are going to relate the DX t H -invariant quotient spaceÑ R = T R M/RX H with an isometric isomorphism h 1 : N R →Ñ R . Denote the canonical orthogonal projection by Π R : T R M → N R . So, the unique map
• h 1 is called the linear Poincaré flow associated to H, which was first introduced by Doering in [11] . Now consider
where T x H −1 ({e}) = Ker dH(x) is the tangent space to the energy level set with e = H(x). Thus, N R is P t H -invariant and we can define the transversal linear Poincaré flow for H Let Γ ⊂ M be a closed orbit of period π. The characteristic multipliers of Γ are the eigenvalues of Φ π H (p), which are independent of the point p ∈ Γ. If χ is a characteristic multiplier of a closed orbit Γ of period π, then the associated Lyapunov exponent is λ = log(χ)/π. In our context the product of the characteristic multipliers is equal to one, or equivalently the sum of the two Lyapunov exponents is equal to zero (cf. Theorem 2.1 ). We say that Γ is
• hyperbolic when the characteristic multipliers have modulus different from 1; • parabolic when the characteristic multipliers are real and of modulus 1; • elliptic when the two characteristic multipliers are simple, nonreal and of modulus 1. So, under small perturbations, hyperbolic and elliptic orbits are stable, whilst parabolic ones are unstable.
Anosov Hamiltonian level. Let H ∈ C
2 (M, R). Given any compact and X t H -invariant set Λ ⊂ E H,e , we say that Λ is a hyperbolic set for X t H if there exists m ∈ N, a constant θ ∈ (0, 1) and a DX t Hinvariant splitting T Λ E H,e = E − ⊕ E ⊕ E + such that, for all x ∈ Λ, we have:
, and includes the direction of the gradient of H. 
Definition 2.4. We say that a Hamiltonian level (H, e) ∈ C 2 (M, R) × H(M) is Anosov if and only if there exists an energy surface E H,e which is hyperbolic for
|Λ is a hyperbolic vector bundle automorphism, we say that Λ is hyperbolic for Φ t H on Λ. Notice that, by compactness of Λ, to ensure that Λ is hyperbolic it is enough to show hyperbolicity for just one m ∈ N.
Following the ideas due to Hirsch, Pugh and Shub ([14] ), given a hyperbolic set Λ, we analogously have that N 
We call
Let us now present some useful properties of a dominated splitting on Λ. For more details see [9] .
• Uniqueness: the dominated splitting is unique if one fixes the dimension of the subbundles. So, due to our low dimensional assumption and to the Symplectic Eigenvalue Theorem (Theorem 2.1), the decomposition is unique.
• Continuity: every dominated splitting is continuous, i.e. the subbundles N − x and N + x depend continuously on the point x.
• Transversality: the angles between N − and N + are bounded away from zero on Λ. Ahead, Lemma 4.1 will show how we can reach, under some conditions, hyperbolicity from the dominated splitting.
3. Some main tools 3.1. Perturbation lemmas. Next lemma is a version of the Closing Lemma, which can be easily obtained combining Arnaud's Closing Lemma ( [5] ) with Pugh and Robinson's Closing Lemma for Hamiltonians ( [20] ). It states that the orbit of a non-wandering point can be approximated for a very long time by a closed orbit of a nearby Hamiltonian.
Lemma 3.1. Take H 1 ∈ C 2 (M, R), a non-wandering point x ∈ M and ǫ, r, τ > 0. Then we can find H 2 ∈ C 2 (M, R), a closed orbit Γ of H 2 with period π, p ∈ Γ and a map g : [0, τ ] → [0, π] close to the identity such that:
• H 2 is ǫ-C 2 -close to H 1 ,
Next we present a result of Vivier which is a version of Franks' lemma for Hamiltonians (see [24] ). Roughly, it says that we can realize a Hamiltonian corresponding to a given perturbation of the transversal linear Poincaré flow. 
3.2. Auxiliary results. This section presents several useful results that are going to be applied in the proof of the main theorem.
In the presence of a weakly hyperbolic periodic orbit, the next two lemmas give us conditions to create a nearby elliptic closed orbit via a small perturbation. These results can be easily obtained by combining the techniques developed in Lemma 3.2 with the arguments in [7] . • angle between N + q and N − q is grater or equal than θ for all q ∈ Γ, • Γ has no m-dominated splitting, then there existsH ∈ C ∞ (M, R) ǫ-C 2 -closed to H for which Γ is elliptic with period τ .
Conversely, the absence of elliptic periodic orbits for all nearby perturbations implies uniform bounds on hyperbolic orbits with big enough period. This is an easy consequence of the two previous lemmas.
Lemma 3.5. Let H ∈ C s (M, R), 2 ≤ s ≤ ∞, and ǫ > 0. Set θ = θ(ǫ, H), m = m(ǫ, θ) and T = T (m) given by Lemmas 3.3 and 3.4. Assume that every HamiltonianH which is ǫ-C 2 -close to H do not admit elliptic closed orbits. Then, for every suchH, all closed orbits with period larger that T are hyperbolic, m-dominated and with angle between its stable and unstable directions bounded from bellow by θ.
In order to close the section, we present a result which is important because we are going to appeal to the techniques involved in its proof. 
Proof of the results

Auxiliary lemmas.
In this section we split the proof of Theorem 1 into three lemmas. The first lemma deals with conditions that ensure the existence of a dominated splitting on a given energy surface. The second lemma shows how we can derive hyperbolicity from the existence of a dominated splitting and the third lemma deals with the case of a non-regular surface energy, which concludes the proof of Theorem 1. Since (H, e) ∈ G 2 (M) we have that each Hamiltonian ǫ-C 2 -close to H does not admit elliptic closed orbits. Then, from Lemma 3.5, for every such a Hamiltonian H there are constants θ = θ(ǫ, H), m = m(ǫ, θ) and T = T (m) such that, for each closed orbit with period larger than T , we can ensure m-dominated splitting and that the angle between its stable and unstable directions is bounded from below by θ. Notice that these closed orbits are all hyperbolic.
Since E . We observe that the set of closed orbits of period less than k ∈ N is a set of zero measure. Let Q denote the subset of points of Γ m having zero Lyapunov exponents for X H on E ⋆ H,e . We want to choose a point x ∈ Q∩R; if µ E ⋆ H,e (Q) > 0 we are done. Now, consider the reverse case: µ E ⋆ H,e -a.e. x ∈ Γ m has a nonzero Lyapunov exponent for X H | E ⋆ H,e , i.e., µ E ⋆ H,e (Q) = 0. In this case, the idea is to take x ∈ R and to use the techniques involved in the proof of Theorem 3.6 (see [6] ), in order to cause the decay of the Lyapunov exponents. So, for m sufficiently large and η > 0 arbitrarily small, there exist T 0 > 0 and H 1 , ǫ-C 2 -close to H, and x has Lyapunov exponent less than η for
and η < δ, one has that there is T x ∈ R such that
Notice that we can assume T x ≥ T .
Once x ∈ R, we may use the Lemma 3.1 and conclude that the X t H 1 -orbit of x can be approximated, for a very long recurrent timeT > T x by a closed orbit of a C 1 -close flow X t H 2 : given r,T > 0 we can find a ǫ-C 2 -neighbourhood U of H 1 , a closed orbit Γ of H 2 ∈ U with period π, as large as we want,T >T and g : 0,T → [0, π] close to the identity such that, for p ∈ Γ,
Letting r be small enough, we also have that
where π > T . Once, by construction, H 2 is ǫ-C 2 -close to H, one has that the orbit of p under X t H 2 satisfies the conclusions of Lemma 3.5 and that Φ
Since the subbundles N − and N + are one-dimensional one has
where
depends continuously on H 2 in the C 2 topology. Then, there exists a uniform bound for C(p, ·) for all Hamiltonians which are C 2 -close to H.
If we let r > 0 be small enough, we can take π > T arbitrarily large. So, inequality (3) ensures that
is conservative one has that the sum of the Lyapunov exponents is zero, i.e.
Denote by α t the angle between the fibers N − X t H (x) and N + X t H (x) and notice that, by domination, α t ≥ β > 0. Since Crit(H|E H,e ) = ∅, there is K > 1 such that, for every x ∈ E H,e , If this claim was not true, we could take a critical point q associated to some energy surface E H,e . It could be hyperbolic, or not. If q is hyperbolic then, since (H, e) is isolated on the boundary of A 4 (M), an adequate perturbation of (H, e) will produce a Hamiltonian level (H,ẽ) on A 4 (M) with a critical point, which is a contradiction. Now, supposing that q is not hyperbolic by a small adequate perturbation on (H, e) we can make it hyperbolic, which again is a contradiction because (H, e) is an isolated point of the boundary of A 4 (M). This proves the claim. Now, we fix some energy level E H,e and follow the ideas presented in the proof of Theorem 1 to get a contradiction. We start by proving that Φ t H admits a dominated splitting over E H,e . Notice that, in Lemma 4.1, the main step is obtained because we had (H, e) ∈ G 2 (M), and so elliptic orbits are not allowed in E H,e . However, even without this assumption, we can go on with a similarly proof because (H, e) is an isolated point on the boundary of A 4 (M). So, any small perturbation (H,ẽ) arbitrarily close to (H, e) will be in A 4 (M), which enables the existence of elliptic orbits in E H,e . Finally, since the Claim 4.2 ensures that the energy surface E H,e is regular, by Lemma 4.2 we get that Φ t H | E H,e , in particular the Hamiltonian level (H, e) is Anosov. This is a contradiction because we took (H, e) on the boundary of A 4 (M). So, the boundary of A 4 (M) can not have isolated points. . We have seen that, fixing a Hamiltonian function, H −1 ({e}) can be splitted into a finite number of disjoint compact connected components. These components are pairwise separated by a positive distance. So, U of H and δ > 0 such that for everyH ∈ U andẽ ∈ (e − δ, e + δ) such that EH ,ẽ is hyperbolic for Φ tH , and there exists a homeomorphism h : E H,e → EH ,ẽ with the properties described in the theorem above.
In dimension four, we are able to prove that, for Hamiltonian levels, the notions of structural stability and of Anosov system are equivalent.
So, we have that compact and X tH -invariant, we must have µ EH ,ẽ (Λ) = 1 or µ EH ,ẽ (Λ) = 0.
If the first case holds, by compactness, we have thatΛ = EH ,ẽ . On the other hand, supposing that µ EH ,ẽ (Λ) = 0, by Theorem 2.2, we must have that dim(EH ,ẽ ) < 2d − 1. However, dim(E H,e ) = 2d − 1 and so, since h preserves the topological dimension, we reach a contradiction. This means that (H, e) is strongly structurally stable, and so structurally stable.
